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Taking account of shear strain, formulas to determine the Lamé coefficients,
and the principal radii of curvature of coordinates of points of the middle
surface of an arbitrary shell of revolution after it has been loaded by an axi-
symmetric load, are obtained in a quadratic approximation, The Lamé co-
efficients and the radii of curvature of the deformed shell satisfy Codazzi —
Gauss conditions and their associated compatibility equations for finite strain,

It is shown that the finite strain compatibility equations obtained in
this paper from the condition that the strain incompatibility tensor [1] of a
three-dimensional solid equals zero, are satisfied identically if the small
strain components satisfy the appropriate linear equations of strain compati -
bility of the shell middle surface.

1, Finite strain compatibility conditions of the middle sur -
face of shells of revolution, We start from the fact that the strain incompat-
ibility tensor, equal to the difference between the Riemann — Christoffel tensors in the
states of strain  Ry,n, andnostrain  Igemn  is zero

ermn — Tkrmn = 0 (1.1)

Here and henceforth , the capital Latin letters will denote functions of the state of
strain , while the analogous lower case letters will denote the state of no strain,  The
subcripts %, r, m, n and others will run through values from 1to 3.

The components of the Riemann — Christoffel tensor are expressed in terms of
Christoffel symbols of the first kind P,,,, and components of the metric tensor G*8
as follows [2]:

Ryrmn = m—ﬁf-k - ?in;n_r + GaB(Perpomk - Pﬂmkpomr) (1.2)
dx oz
(2" are material coordinates of points of the medium ; summation from 1 to 3 is car-
ried out over the repeated subscripts), The tensor Fgrmsn has an analogous form.

Defining the finitestraintensor &, ashaif the difference between the metric tensor

components [2]

Eo = s Gor — &nr) (1.3)
we rewrite the compatibility equations (1.1) in the form
2 1)
e 0 G (G + Ppn) (s -+ Port) — (1.4)
xr ¢
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(EBmk — Pﬁmk) (ganr -+ Pamr)] - g“B (Pﬁmrpomk i Pﬁmkpomr) =0
O | Py Oy

Eamk = Prmk — Pnmk= Py 22" P (1.5)
p _1 ( Gy oG, . 6Gmk> _1 (agnm I _ 08
nmk 2\ " oz™ az" /)’ Prmi= 2\ 5" az™ az"

The contravariant components of the metric tensor G*B are defined as elements
of the inverse matrix G [2]:

IG**f| = || Gag II™* = || Bap + 2Eap I
The elements of this matrix can be obtained as follows [1]:

6 =g G=det]Gao] .6

Substituting (1, 6 ) into (1,4 ) permits getting rid of the metric tensor components
in the state of strain in the compatibility equations.

A further conversion of the compatibility equations (1,4) in general form is inex-
pedient because of their awkwardness, Let us convert these equations for axisymmetric-
ally deformable shells whose material coordinates are mutually orthogonal in the initial
state, In this case

12 =8 =813 =0, Gu=Gy3=0, &, =285 =0
Introducing the Lamé coefficients A, for orthogonal coordinates [1]
g1 = hw)’s 822 = hey®, 838 = As)® (1.7)
we express the strain tensor components in terms of their physical components §y,

Er = R B (1.8)

Six Lamé relationships [ 1] were used in converting the compatibility equations
(1.4). Under the assumption of a linear distribution law for the Lamé coefficients over
the thickness for axisymmetric shells of revolution, these relationships reduce to two
Codazzi — Gauss relations

d(hg) tdhy _ d('ldhz) bt (1.9)

Ty \rp) T day T doq Vg do) T T
(h(1)=h1(1+%), h(2)=h2(1-—f—:7), h(3)=1)

Here Ay, b, are Lamé coefficients of the shell middle surface, ry, Iy are
its radii of curvature, @, = ! is the curvilinear coordinate directed along theshell
generator, z = z® is the rectilinear coordinate orthogonal to the middle surface
of the undeformed shell (this latter is shown by curve 1 in the Fig, 1 and directed to-
ward its outer normal (Fig, 1),

The second relationship in (1. 9) becomes an identity for a shell of revolution,
upon compliance with the first,

Let us refer the deformations Ekry to the shell middle surface.
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If a linear distribution of the displacements
over the shell thickness is used, the following
dependences can be obtained between the fi-
nite strains of an arbitrary point of the shell

Exr) on one hand, and the finite strains
of the middle surface &xr and changes in
the curvatures Xir , on the other:

Ean (1 + ri) =en+zgn (110D

1
z

Eez) (1 + —2) = &9 + 200

r

§(13) (1 + ;ZT) = 833 + ZX13
§(33) = €33, X33 = 0

Fig, 1

The components of the finite strain tensor of the middle surface &, and Xxr
can be expressed in terms of the components of the small strain tensor ¢, and the
change in the curvatures %, if(3,9,1)is used (see [1], It hence follows ( & is
the angle of normal rotation to the shell middle surface)

g = ey + Yy len® + (& — 2e,4)%, Eag = €35 + Yyea" (1.11)
33 = 502, &35 = €43 4 1, ;0

1
Y11= %u + T (€11 (2ri%gy — e1y) + 9% — 4e?,

e. 1
K22 = Yoo €99 (Kz — 2—2:2) y 13 = 7“11'&

The remaining components of & and Y, vanish, It can be shown,and it
is done so in [3], for instance, that for axisymmetric shells

1 do 9 dh

K1y = T dq;’ Hag = Tinhy o,

(1.12)

Substituting the relationships (1, 5) and (1, 6 ) into the strain compatibility equations
(1.4),referring the expressions obtained after this to the shell middle surface by using
(1,7) —(1.10), and limiting ourselves to a quadratic approximation, we arrive at two
differential relationships

d[ 1.4 ey dhy h hohs
da, [ hy da, (Bo22) + Ry dog + 2 fi"m] + #rz(zeas— ri¥u— ra)za)+ (1.13)

hyhy
7113 [2e55 (811 + €20 — 2833 + ryY11 + aXes) — (€31 + ri¥a) X

2 dh de h
ToYee) — 4g2 —22 — putid 3 §
(822 + TaXaa) — 4e2,] + 7y o, [(522 e11) d(;i ,.—11813 (X —
deys

e11 -+ 2895 — 2e33) — 2e45 -—] + fy dow _d (811 + e99) +

doy | T hy do, do,

1 deg 1 de;, hy de,g
2hoe15 (; doy -+ ?‘;7‘17) + 2 7> da, (raXes — €23 — 2e39) = 0
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d hy dga; dh, 1 dh h d
L. __ NglEy aity 2 1y hz &3
dal( 2X22)  da, k1 dul+ (81— Baz)=- aa, = 2e;3 e N

2 dh,
r d—ag [{e1r — €22) (riXa — €31) — 2e2 ] -+ 2e45 (ridax + Ta¥ae —

Ty

fz,ja 3 iz,z des

rs
€11 + 8ag) —— rre T day L,l (riva — &11) + rafes — 39’] =0

which are the finite strain compatibility equations of the middle surface of a shell of
revolution, After substituting (1,11) and (1, 12) therein, the compatibility equations
can be reduced to the form
( d¥ (e, |
I I i (dél -+ 2eys *—) =0 (1, 14)

d
('1 - 899 — €43 %%} V=0

. 1 d ey df
(¥ = L () — 2 22 4 (6 — 2) 1)

This latter expression corresponds to the linear part of the small strain compatibility
equation for axisymmetric shells of revolution [31],

Taking into account that for arbitrary strains the factor in the parenthesis is not
zero , there follows from the second equation in (1, 14)

¥ =0 (1.15)

The first equation in (1,14 ) evidently becomes an identity upon conservation of
the condition (1,15),

Therefore , the finite strain compatibility equations of axisymmetrically deformed
shells of revolution will be satisfied identically if the linear compatibility equation
(1.15) is satisfied,

2., Determination of the geometric characteristics of a de -
formed shell. Let us use the dependence between the Lamé coefficients in the de-
formed and undeformed states [4 ]

Hy= VT 20, Hy=h V1T Zey 2.1)

Substituting (1, 11) into (2. 1), expanding the factors for h; and A, in power
series and limiting ourselves to squares of the small strain components, we obtain

Hy=h 1 ey + Yy (0 — 2e3)3), Hy, = hy (1 - ey) 2.2)

To determine the radii of curvature of the deformed surface R; and R, ,we
uge the formulas presented in the monograph [5]

1 IR ¢ t L 0E; 1 2.3)
BT W R T T de B @
Here E,, E,, E,; are basis directions of the state of strain,
Let us connect the radius vector of the strain state R to the radius-vector of the
initial state r and the displacement vector u
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=r4u (2.4)

This equality permits expression of the unit basis vectors of the state of strain in
terms of the basis vectors of the undeformed state e;, e, €;.
Following [ 1], we write (Rl, R2 are covariant basis vectors)

R, R, oR JR
= —— —_ — _ — = 2, 5
El 1 E2 H2 (Rl 0(11 ? R2 (,(12) ( )

Expanding the displacement vector u with respect to basis vectors of the initial
state and taking the derivative of R with respect to the coordinate o;, we obtain

"r aul e +
(u = ulel + uzez + uaes)

Furthermore , using the derivation formulas for an axisymmetric surface [5]

6u2 aez 0e3

ez+ 6(1 es+l¢1a +u 20a+ 3 3~ (2.6)

0 _ _mg O o eI
day ry » day 5-(1—1_—; !
we convert (2,6) to
R, =R [(1 + ey)e; — (& — 2ey5)e,] (2.7)
It is possible to obtain analogously
R, =k, (1 + ey)e, (2.8)
In these latter formulas
1 duy uq o iiﬂ 1y
1= i v 62 T o e, TR
_ uy 1 d113
ﬁ—zels-r—*mdal

To determine the unit basis vectors of the state of strain, it is sufficient to multiply
(2.7) and (2.8), respectively,by /1 + 2¢,; and /1 + 2¢,, in conformity
with (2.1) and (2.5), Expanding the last factors in power series, and multiplying, we
obtain to the accuracy used

E; =1 =1, —2 e3)’le; — (1 — ey) (0 — 2e3)e;, Ey=e,y (2.9)

We obtain the third basis vector Ej by multiplying E,; vectorally by E,, which yields

E; = (1 — ey) (O — 2ep3)e; + (1 — 1/, (O — 2e5)*l ey (2.10)

Now substituting (2.4),(2.5),(2.9),(2. 10} into (2.3), differentiating and limit-

ing ourmselves to the squares of the deformation, we obtain
1 1 2 _1_ 95 A
=Mt ent e — 50— 2ew] + [0 — 20

d
0 2e0) — 020052
dhy

E'l'; == r“i— [:1. - 322 + 632 ('& - 261'3) ] + h h’_) d(ll (ﬁ 2813)

2

(1 — €31 — €32)

(2.11)
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If there is no shear strain (e;3 = 0), then

t 1 | 1 ., 8 dey
e = (Lo el — g 80) o (L — 2ep) — -G
1 1 1
" (1 —eént & — 5 ’&2) + %22 (1 — €11 — €33)

In order for the middle surface of the shell obtained after deformation to remain con-
tinuous, it isnecessary that the Lamé coefficients and its radii of curvature satisfy the
Codazzi — Gauss conditions (1. 9), which are written for the state of strain in the form

Sy Ldy_o 4 (Ldly W (2.12)
dul R2 Rl dal - d(ll Hl d(ll 1{1H2 -

Substituting the expressions (2. 2) for the Lamé coefficients and (2, 11) for the radii
of curvature for the state of strain into the last relationships, and subtracting expressions
corresponding to the Codazzi — Gauss conditions for the state without strain (1, 9) from

(2. 12), we arrive at two equations after tedious manipulations.

d
da,

(1—ey) ¥ =0, [1—en+%£—l(ﬂ— 2e13)] ¥—=0 (2.13)

where the quantity ¥ is determined by the equality in the parentheses in (1. 14),

The nonlinearequations (2, 13) will evidently besatisfied if the linear equation (1, 15)
is satisfied. Therefore, the expressions obtained to determine the Lamé coefficients (2. 2)
and the radii of curvature (2, 11) for the strained shell correspond to the continuity condi -
tions for its middle surface.

Let the coordinate «; of some point @ (Fig.1) corresponds,in the undeformed
state, to an angle © measured from the axis of symmetry to the direction of the nor-
mal e; to the shell middle surface. An angle £ which we define as follows

Q=0+ Aw, Aw = arc cos (E;z-eg)

corresponds to this same point (the point A ) withthe coordinate a, inthestate ofstrain,
Using (2. 10 ), we obtain
Aw = arc cos [1 — 1/, (0 — 2e4)%)

REFERENCES

1, Lure', A,K,, Theory of Elasticity. "Nauka", Moscow, 1970,

2, Sedov, L,I., Mechanics of a Continuous Medium. Vol, 1, "Nauka", Moscow,
1970, (See also English translation, Pergamon Press,BookNo, 09878, 1965 ),

3, Chernina, V,S,, Staticsof Thin-walled Shellsof Revolution, "Nauka", Moscow,
1968,

4, Novozhilov, V,V,, Theory of Elasticity, (English translation), Pergamon
Press, Book No, 09523, 1961,

5. Novozhilov, V,V,, Theory of Thin Shells, Sudpromgiz, 1962,

Translated by M, D.F,




